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ABSTRACT 


It is the purpose of this manuscript to study the class of orderable 
groups which satisfy the maximal condition for subgroups locally. As 
such, it is, therefore, a study of a class of torsion-free, generalized 
solvable groups on which there is imposed a finiteness condition. The 
choice of the local satisfaction of the maximal condition as a vehicle 
of potential interest and utility in the study of 0-groups was suggested 
by (1) a careful investigation of torsion-free, locally nilpotent a 
groups, and by (2) the realization that the imposition of this finiteness 
condition upon an 0-group necessitates the normality of each of the 
group's convex subgroups. 

Chapter 0 is expository in nature and serves to introduce the 
concepts and results employed throughout this manuscript. 

Chapter I is devoted to a study of torsion-free, locally nilpotent 
groups. The main result of this chapter is that the convex families of 
a torsion-free, Weal ley nilpotent group are central systems of the group. 
Necessary and sufficient conditions that a family of subgroups of a 
torsion-free, locally nilpotent group G be the family of all convex 
subgroups with respect to some order on G are also derived. The 
chapter is concluded with the proof of a condition which guarantees 
that certain members of the upper central series of a torsion-free, 
nilpotent group G be absolutely convex in G. 

Polycyclic 0- and polycyclic R-groups are investigated in Chapter 
II. Herein is stated a necessary and sufficient condition that a 
polycyclic 0-group be nilpotent. We also find that the derived group 


of an 0-group which satisfies the maximal condition locally, which 
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(ii) 


satisfies the maximal condition, or which is polycyclic is a Z-group, 
is a ZD-group, or is nilpotent, respectively. The fact, proved herein, 
that a group G is a supersolvable, R-group if and only if G isa 
finitely generated, torsion-free, nilpotent group yields a number of 
interesting corollaries. Examples of polycyclic R-groups which are 
neither nilpotent nor orderable conclude this chapter. 

In Chapter III, we give counterexamples of various erroneous 
assertions appearing in the literature and present substitute theorems 
for these false claims. We also prove that the group of o-automorphisms 
of a polycyclic 0-group is nilpotent by abelian and polycyclic. 

In Chapter IV, the omnipresent condition of the local satisfaction 
of the maximal condition joins forces with yet another finiteness 
condition, viz., the condition that the 0-groups under consideration 
admit only finitely many different orders. Such groups are shown to be 
locally polycyclic; moreover, if such a group is nonabelian, then the 
Fitting subgroup exists, is absolutely convex, and coincides with the 
isolator of the derived group of the given group. We end Chapter IV 
by demonstrating that a torsion-free, nonabelian, locally nilpotent 


group admits infinitely many different orders. 
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CHAPTER 0 


PRELIMINARTES 


A group G on which there can be defined a relation < which is 
reflexive, antisymmetric, and transitive and which has the additional 
property that a,b,x,y « G and a<b imply xay < xby is said to 
be a partially ordered group, < is said to be a partial order on G. 
and G is said to be partially ordered (with respect to <). Associ- 
ated with each partial order < ona group G is the positive cone 
P(G) of G, where P(G) = {x|[x eG and 1< x}. It follows easily 
that the subset P(G) of the partially ordered group G _ possesses 
the following properties: 

(i) P(G)) P-1(G) = {1} , where P71(G) = {x7} ]x e P(G)}; 

(ii) P(G)P(G) C P(G); and | 

(21 ) x lpe)xe P(G)» efor cache xie4G 
In other words, P(G) is a normal subsemigroup of G, containing no 
element together with its inverse other than the identity 1 of G. 

Conversely, if G is a group possessing a subset A which 

satisfies properties (i) - (iii), then G is a partially ordered group 


with positive cone A with respect to the relation < given by 
a<b if and only if athe A. 


A group G which is partially ordered with respect to < is an 
ordered group if and only if < is complete in the sense that a,beG 
imply a<b or b<a. This is easily seen to be equivalent to the 
assertion that G possesses a subset P(G) with properties (i) - (iii) 
and, in addition, P(G)U p-t(G) =G. If G is an ordered group with 


respect to <, we say that < is an order on G, that G is ordered 
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(with respect to <), and that G is orderable (with respect to <). 
Following Neumann [14], we shall denote the class of orderable groups 
by '"'0"" and shall say that G is an 0-group if and only if Ge 0. 

It is easily seen that any (partial) order on G is uniquely deter- 
mined by its positive cone, so that, for the sake of brevity, we shall 
say "the (partial) order P(G) on G'", instead of ''the (partial) 
order on G with positive cone P(G).'" 

A subgroup H of a group G ordered with respect to P(G) is 
itself an ordered group with respect to the induced order P(H) = 
Et) Gyeus con. HH. 

A subgroup C of a group G _ ordered with respect Be) 8 oS 
convex (with respect to <) if and only if x eG, ce C, and 
L.< x <-c..imply..x ¢ C, whereas a subgroup A of G is absolutely 
convex if and only if A is convex with respect to each order on G. 
If GeO and ACG, then the convex subgroup of G generated by A 
is the intersection of all convex subgroups of G containing A. If 
A is a subgroup of G, then it follows that the convex subgroup of G 
generated by A is P(G)AN p-lG)a. 

Suppose now that G is ordered with respect to < and that N 
is a normal convex subgroup of G. The factor group G/N can be 
ordered by the relation, which we also denote by <, given by 

aN < bN if and only if a < bn for some n € N: 
It is clear that a< a- 1, whence aN < aN; if aN < bN and DN < aN, 
then a<bny and b< anz for some nj, nz e€N. Thus, (a7lb)-1 <ny 
and alp < Np;,While <1 < (a4) wh aye AL ab as < is an order 
OneuG.. @byecne convexity, of. »N, a lb e N, whence aN = DN; if aN < WN 


and DN < cN, then a< bn, and b< cn, for some Nj, Nz € N, so 
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as c(njn,). Thus, aN < cN; finally, if a,b e G, then ams “bn (for 
some neN or b< an forall neN. Thus, aN < bN or DN < aN. 
The order on G/N defined above is called the induced order on G/N 
by G. 

A result of Levi [11] which is relevant to this discussion and 


which shall later prove useful is 


Theorem 0.1: Suppose N is anormal subgroup of a group G and 
that both N and G/N are orderable. Then there exists an order on 
G inducing the orders on N and G/N if and only if P(N) is invari- 


ant under the inner automorphisms of G. 


Procree ir P(G)' is anvorder on@G © inducing™a igiven onder P(N) 
on N, then P(G)7 N = P(N), from which the invariance of P(N) 
follows as a consequence of the invariance of P(G) and N. 

On the other hand, if P(N) and P(G/N) denote orders on N 
and G/N, respectively, and if P(N) is invariant under conjugation 
by elements of G, then it is easily verified that P(G) = P(N) U 
{x|x ¢ G-N and XN © P(G/N)} defines an order on G inducing the 
orders P(N) and P(G/N) on N and G/N, respectively. 


This line of thought has led us to the salient and useful 


Theorem 0.2:. If GeO and H is a normal subgroup of G, then 
there exists an order on G with respect to which H is convex if and 


only 1£ G/H «0. 


Proof: Clearly, if there exists an order on G with respect to 
which H is convex, then G/H is ordered with respect to the order 
induced on G/H by G. 

Conversely, if P(G/H) denotes an order on G/H, then PCG) = 
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(P(G) 7) H) U {x|x « G-H and xH « P(G/H)} is easily shown to be an 
order on G with respect to which H is convex. 

If < is an order on a group G, then < is an Archimedean order 
on G and G is an Archimedean ordered group (with respect to <) if 
and only if a,b « G, 1 < a, 1 <b imply the existence of a positive 
integer n such that b<a™, An interesting observation to be in- 
mediately made is that an Archimedean ordered group is "convex simple" 
in the sense that such a group contains no proper, nontrivial, convex 
subgroups. 

it? Geand + HY are: 0-groups! and. § fds, a-mapping of ~Gi) into 4H; 
fienat As an cshonomorphism of G into H if and only if £ is a 
group homomorphism of G into H and f is order-preserving in the 
sense that a,b eG and a<, b imply f(a) <2 f(b), where <, and 
ay) denote the orders on G and H, respectively. Furthermore, if f 
is a.one-to-one o-homomorphism of G onto H and if el is an 
o-homomorphism of H onto G, then f is an o-isomorphism of G onto 
H. Two ordered groups, say G and H, are o-isomorphic if and only if 
there exists an o-isomorphism of G onto H. 

At this time, it is now possible to state a well known, indis- 
pensable result of Holder [7], a proof of which can also be found in 
[2], pp. 45-46: 

Theorem 0.3: A group G is an Archimedean ordered group if and 
only if G is o-isomorphic to a subgroup of the additive group of real 
numbers with the natural ordering. 

As an inmediate consequence of Theorem 0.3, we see that any archimedean 
ordered group is abelian. 


Another result of interest and utility is due to Hion, the proof 
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given here being essentially that given in [2], pp. 46-47: 

Theorem 0.4: Suppose A {0} and B are subgroups of the 
additive group of real numbers, endowed with the natural ordering, and 
suppose f£ is an o-homomorphism of A into B. Then there exists a 
nonnegative real*number  r such that’ f(a) = ar -for each “a e€ A, 

Proof: Let us first assume there exists a, € A such that 0 <a, 
and such that £(a,) ="U,- let ar een such that 90 = ase by Lhe 
Archimedean property for the reals, there exists a positive integer n 
Such tiiat 0 '< a<na,, whence 0 < f(a) < nf(a,) = 0. Thus, 
fveyeerooeror alle0*< ae Ay’ -In this*tase, *theretore,™ tfa)"= 0” for 
aereea-e A,-so rT = 0. 

Let us now assume that 0 < ae A implies f(a) ¢ 0. Let 0< ay» 
0<a), where a,, a, € A. Suppose, by way of a contradiction, that 
£(a,)/£(az) ¢ aj/a, . Without loss of generality, assume that 
£(a,)/£(a2) < a,/az . Let m/n be a rational number, with 0<m and 
0 <n, chosen so that f(a,)/f(a2) < m/n < a,/az . Then may < nay 
andeent ay) --f(naj)°<"mt (az) = f(maz), which is impossible, since f 
is order-preserving. Therefore, £(a,)/£(ag) ='a,/a7 3 i.e., f(a)/a , 
ae Apts constant for**0r< a ¢*A. “Thus, t(a)*="ar “for sane*real 
number r, where aeA. Clearly, r is nonnegative. 

When Theorem 0.4 is applied to the group of o-automorphisms of an 
Archimedean ordered group, it ne together with Theorem 0.3 -- yields 
the following interesting and useful 

| Corollary 70. S27 . The deanpanotentsns of an Archimedean ordered 
group form an abelian group which is isomorphic to a subgroup of the 
multiplicative group of positive real numbers. 


In other words, an o-automorphism of an Archimedean ordered group 1s 
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essentially nothing more than multiplication by a positive real number. 

Needless to say, the class of torsion-free groups is an immensely 
wide class of groups. One method of studying this monstrosity is, of 
course, to study certain of its subclasses. In particular, we shall 
be most interested in that class of torsion-free groups known as the 
class of orderable groups. Many prominent mathematicians have found 
the study of 0-groups an interesting study of torsion-free groups; 
conspicuously among those earliest investigators of 0-groups was 
B. H. Neumann, for it was Neumann who first proved that the property 
of being an O0-group is a property of finite character; that is, if we 
agree to say that a group G possesses a property P locally if and 
only if each finitely generated subgroup of G possesses property P, 
then Neumann was first to show that G is an O-group if and only if 
G is an O0-group locally (see [15]). An application of Neumann's 
result to abelian groups renders transparent the fact that a nontrivial, 
abelian group G is an O-group if and only if G is torsion-free. As 
is often the case, Neumann's result can be drawn as an easy corollary 
to a later theorem of Los [12] and Ohnishi [17]: 

Theorem 0.6: A group G is an 0-group if and only if for every 
finite set a,, 42,-..,4) 5 1 ¢ a, for i= 1,2,...,n, of elements of 
G, the signs SH Seer lee ae ld os slo ee call sDemenosehwoom mine 
1¢ sexe ’ ae AE ti ), where Say” : as gibson ae ) denotes the 
normal subsemigroup of G generated by taf? 5 ay? sees an }. Fuchs 
(see [2], pp. 34-35) has demonstrated the fundamentally important role 
played by the normal subsemigroups of orderable groups. 

Again, it was Neumann [14] who was first to prove the important 


property that if Ge 0, a,b eG, and aMp™ = pg” for some nonzero 
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integers m and n, then ab = ba. However, both results of Neumann 
listed above and, in general, many of the properties of 0-groups are 
enjoyed by even a wider class of torsion-free groups known as 
"R-groups'', a class which has received the careful attention of 
Kontorovic (see [8] and [9]) and Plotkin (see [18] and [19]): A group 


G is an R-group if and only if a,b eG,n a positive integer and 


at= pb" imply a= b. It is clear that an (nontrivial) R-group is 
torsion-free, since ae G and 1” = a" imply 1 =a. Even of 


greater significance to us is the fact that each 0-group is an R-group: 
For, Fitwasbre’G and ta <b, then, al <b” -for.all positive sintegers 
n. R-groups will prove to be of interest in that which subsequently 
follows; therefore, we document here some of their most important 
properties, following a paper of Kontorovic [8]. 

An important concept in the study of certain classes of torsion- 
free groups is that of "isolated subgroups:" A subgroup A of a 
group eG9yis ian isolated. subgroup of G if and only if geG,n a 
positive integer, and g’eA imply geA. It follows readily that 
the intersection of isolated subgroups is isolated. The isolator of a 
subset S of a group G is the intersection of all isolated subgroups 
of G containing S. Isolated subgroups are familiar entities in 0- 
groups, for if G is ordered with respect to <, if C is a convex 
subgroup of G, and if geG such that geC for some positive 
integer n, then, without loss of generality, we may assume 1 < g, 
whence 1<g< gs therefore, by the convexity of C,geC. In other 
words, any convex subgroup of an ordered group is an isolated subgroup 
@Gethe group. gelf-,Gaas a group and S is.a subset of G, let us 


denote the centralizer of S in G by C,(S). Ye can now prove 
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Theorem 0.7: If G is an R-group and SCG, then C.(S) is an 
isolated subgroup of G. 

Proof: Let n be a positive integer and let geG_ such that 
gre C.(S). Then stn, = gh Stor each “se S. This, (s-tgs)” oe 
for each s € S, whence, since G is an R-group, slys = 9. for each 
Bhesm, SLheYetore, ge C,(S). 

Corollary 0.8: The center Z(G) of an R-group is an isolated 
subgroup of G. | 

broo. lake: -S*= G* in’ Theoran 0.7 - 

Theorem 0.9. If G is an R-group, if a,beG, andif [a®b™] =1 
for some nonzero integers n and m,then [a,b] = 1. 

Proof: It suffices to prove the assertion for m=1. Now, 

[a®,b] = 1 implies (b-tab)n = btaMp = at, Since, by hypothesis, G 
is an R-group, b-lab = a, whence [a,b] = 1. 

Reon 0.10: A torsion-free group G is an R-group if and only 
if G/Z(G) is an R-group. 

Proof: Suppose G is an R-group and let a,b e G such that 
(aZ(G))™ = (bZ(G))" for some positive integer n. Then a™= bz for 
some ze Z(G), whence [a™,b™] = 1. Thus, by Theorem 0.9, ab = ba. 

But a*=b"z, so (ab "™=2ze Z(G). As Z(G) is isolated, 
ab7l ¢ Z(G), so aZ(G) = bZ(G). Therefore, G/Z(G) is an R-group. 

Suppose now that G/Z(G) is an R-group and that a,b eG such 
that a2 =b" for some positive integer n. Then (aZ(G))" = (bZ(G))”, 
sotthat Z(G) = bZ(G). ‘Thus, ‘a= bz for some “z= Z(G). “But, all =" be, 
so that 1= 2". As G is torsion-free, z = 1, whence a=b. There- 
fore, G is an R-group. 


The chain {1} = 2Z,C 2) ©... C2; @.... of subgroups of a group 
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G, where Ze 4/23 = Z(G/Z;) LODp aia =UO eye! , ee cea) toe Ca. leds tie 
upper central chain of G. Using Theorem 0.10, an easy inductive 
argument establishes 

Theorem 0.11: If G is an R-group, then each term of the upper 
central chain, ti} =Z,CZ,)CZ2Z,c... CL: Ce eet OE, Gist s0tated 
in G, each of the factors Zid /Z; of the upper central chain is a 
torsion-free, abelian group, and each of the factors Ze 44/24 is an 
R- group. | 

Theorem 0.12; If G is an R-group and A is a maximal abelian 
subgroup of G, then A is an isolated subgroup of G. 

Proof: Suppose geG,n is a positive integer, and g™eA, Then 
ieecle- 7. for ae A, whence, by Theorem 079, [g,a] = 1 tor all 
feeeeeinus, <g,A> is an abelian subgroup of G and, 1£."9 €7A; A 
would be properly contained in < g,A >; however, by the maximality of 
Pee iceis noe possible. Thus, gc A. 

To conclude our discussion of R-groups, we prove 

Theorem 0.13: If£ G is an R-group and 1 ¢ x e G, then the isolator 
Peneron x1) |G. iS a torsion-tree, locally cyclic Subgroup of G. 

Brock; cince G 1s torsion-free and 1lfxeG,< x 1s a 
torsion-free cyclic -- thus, locally cyclic -- subgroup of G. Also, 
the union of an ascending chain of torsion-free, locally cyclic groups 
is a torsion-free, locally cyclic group. Therefore, x is contained in 
some maximal torsion-free, locally cyclic subgroup A of G. Let 
Bee ehoihen =. X%sa.€.4, SO.-< X,aie = <.y > for some y €.A. Therefore, 
x = y", a = y", and, hence, a = Kure <p Kore Ae eo ce aL x eas 
isolated, ae I(x), whence ACI(x). 


By reasoning entirely analogous to that above, x is also contained 
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in some maximal abelian subgroup B of G. By Theorem 0.12, B is 
isolated in G and x eB, whence I(x)C B. Moreover, since B is 
isolated in G, the isolator In@) of x in B contains the isolator 
I(x) of x in G, But B is a torsion-free, abelian group and the 
isolator of any nonidentity element of such a group is a torsion-free, 
fOgallye cyclic sroup (see [10], p. 210). Thus, I(x) C Ip(x) and 
InQ)_ is locally cyclic, whence I(x) is a torsion-free, locally cyclic 
subgroup of G. As AC I(x) and as A’ is a maximal torsion-free, lo- 
cally cyclic group, A = I(x). 

An reer subclass of the class of R-groups is the class of 
"R*-groups': A group G is an R*-group if and only if a,b, X) aXQa000s 
pinyigs ie b tp 2...b 2 


myeea and a a imply a =, where by a’, 


x e G, we mean xl 


ax. R*-groups have been studies by Plotkin [18], and 
Fuchs [3] has used the concept to pose an intriguing, unresolved problem: 
Is every R*-group an 0-group? It is known that not all R-groups are 
O-groups (see, for example, Chapter II). According to Fuchs [3], a 
group G is generalized torsion-free if and only if aeG and 1 e S(a) 
aioly sa = 1. It follows easily (see [3]) that a group is an R*-group if 
and-only if G is generalized torsion-free. It 1s interesting to observe 
that any ordered group G:° is an R*-group: For, if G is ordered with 
respect to < and aeG such that 1 <a, then a8 > 1 foreach geG. 
Thus any finite product of conjugates of a is greater than l. 

Prior to undertaking the final topic of this chapter, we digress 
here to discuss an important subclass of 0-groups known as ''0*-groups:" 
A group G is an 0*-group if and only if each partial order on G can 
be Ehded to an order on G. An 0*-group is, therefore, characterized 


_ by the property that each maximal partial order on G is an order on G. 
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An 0*-group G is easily seen to be an 0-group, for {1} = P(G) isa 
partial order on G, whence {1} can be extended to an order on G. 
However, only recently has it been shown that not all 0-groups are 0*- 
groups (see [4]). As in the case for 0-groups, let us note that a group 
G is an 0*-group if G is an 0*-group locally, a fact manifested by a 
result of Ohnishi [16]: A group G is an 0*-group if and only if 

(ij ash ic 6,G> and €bfc € S(a)*® imply S(b) M S(c) + 0 and (ii) G 
is an R*-group. 

Numerous unresolved problems concerning 0*-groups are posed by Fuchs 
(see [2], pp. 209-213), one of the most interesting being, ''Are sub- 
groups of 0*-groups, 0*- groups?" An affirmative answer to this question 
is given in this manuscript for the case when the 0*-group is locally 
supersolvable, this result being a consequence of the fact that a tor- 
sion-free, locally nilpotent group is an 0*-group (see [3]). We now 
proceed with a discussion of the final topic of this chapter -- "gen- 
eralized solvable groups." 

Since solvable groups form such a wide generalization of abelian 
groups, it is not surprising that but a few of the nontrivial properties 
of abelian groups can be carried over to solvable groups. More interest- 
ing in this respect are certain classes of groups intermediate between 
the classes of abelian and solvable groups -- nilpotent, supersolvable, 
and polycyclic groups. 

By a nomal (invariant) series of a group G is meant a finite 
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(invariant) series {l} =A, CA;C...CA,=G of a group G isa 
cyclic normal (invariant) series of G if and only if A. /A; is 
Groiiceror each 1=10,91)9)7., n-1. /Acsroup'G "is nilpotent “1£ and 
only if G possesses a cyclic invariant series; finally, G is poly- 
cyclic if and only if G possesses a cyclic normal series. By the 
length of a polycyclic group G with a cyclic normal series 
PEPR=PAS GMAT oss GAR = Gras meant the number of infinite cyclic 
factors Pes of the given cyclic normal series. It is not difficult 
to prove that the length of a polycyclic group is an invariant of that 
group. It is well knowm that a polycyclic group satisfies the maximal 
condition for subgroups and that a finitely generated nilpotent group 
is supersolvable, whence any member of any one of the three classes 
defined immediately above satisfies the maximal condition for subgroups 
locally. The importance and relevance of these three classes of groups 
is manifested by the knowledge that it is precisely the subsequent 
investigations of thoseordered groups which satisfy the maximal condi- 
tion locally that constitute the bulk of this manuscript. 

Just as the desire to generalize the concept of an abelian group 
| ultimately led to the development of new and important classes of 
solvable groups, so too has the desire to extend the notion of solvable 
group led to a corresponding development of various classes of general- 
ized solvable groups. The generalizations which have apparently been 
most fruitful are those which extend the concept of a normal series to 
that of a "normal system" of a group. In a brillant paper of Cernikov 
and Kuros [1] -- which we follow here -- the notion of a normal system 
is deftly employed to generate numerous important classes of generalized 


solvable groups. 
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If G is a group and £ is a family of subgroups of G which 
is a chain with respect to set theoretical inclusion, then a jump in 2, 
denoted by A-<*B, is a pair A,B of elements of = such that A is 
a proper subset of B and no element of Y lies strictly between A 
and B. A family £ of subgroups of a group G which contains {1} 
and G, which is a chain with respect to set inclusion, and which is 
closed with respect to arbitrary unions and intersections is a normal 
Systemmator G») if andvonly if for each jump Aga, Be ine & Ags oa. 
normal subgroup of B. A normal system 2% is an invariant system for 
G if and only if Ae x implies A is anormal subgroup of G. An 
invariant system £ of G is a central system for G if and only if 
B/AC Z(G/A) for each jump A~< Bin £. Naturally, therefore, a 
group is a generalized solvable group if and only if it contains a normal 
system 2% for which B/A is abelian for each jump A-<B in & A 
group G is a Z-group if and only if G possesses a central system. 
Z-groups are, therefore, generalized nilpotent groups. Finally, a group 
G is a ZD-group if and only if G possesses a descending, well-ordered 
central system. The remarkable, underlying fact which makes all this 
discussion of generalized solvable groups immediately relevant to 
O0-groups is 

Theorem 0.14: Every 0-group is a generalized solvable group. More- 
over, if G is a group ordered with respect to < and & is the family 
of subgroups of G which are convex with respect to (< then 

(i) {1}, Ge Z, £ is a chain with respect to set inclusion, and 
Ey is closed with respect to arbitrary unions and intersections; 

ty W Cheat pand gicyG Muply- C2. glog € f; 


(id); oo 1E D—-<C is ajump in £, then D is a nomal subgroup 


ue > Je shee o, WA Tig 6 

soft 3 in srigeto-ot ies 4: ogee 

)} hie f Lyd we Qha oe IJ equate e) a vi ime A > 
7 


i forth. | temlornt dae od Jooreat Aw fsdo & hee taish e 
€- > 
ira rath ty f yD Ss fi reszictny od 538 S297 rtsiw bo} 


Sei A of A coat obee.t09 Diy D- an 


[oorred! .& quo igang 
| = _ 
’ : ? , 2's es og c f mit +. is 

ah , ‘ morn pili iP ca 2G fey , ay it, (ii Sam 

t eT: 

Mt 2 4 walete Iotises 8 242i. U0 20 4 eee eee 
oes v 7 fad eye oa 


= 

- F ’ tr ~ , “a 7 7). ae “a i = ; 
A ieee es I : LIIG , e ne ee Ty age 10} t tae 
‘ sit i = ae 


; ; ; ; ° » Pe. , — a ioe > eee 
SoG 7OO fi a i. Sd TEV IGE nostis veers 284 
; — rs 


ee - are x 


\ kh mk B2—-A capt yoko 103 rellede. ch WA aoe ee, 


vye-Sevtires. @ wmpoqe 0 - Tb witty: Bap ts cua: +f & we o 
pus 


? os 5 asf. cues ec al: P . oF og OF hiv — 2 — 
Guo & “itenr . wernt i bexad rosy .= 10 devstieit (34 4 " 


rv Ln >a r ‘ ; 
big. gd 1s 1 ques 
} 


" Ch 
? (oa 


= , 2 4 y 
_— MW 


tule tte Bees ofv.¢  . ps a Pee tone yo ee ee 
+ en tS Ove {) i bag aise Vl Toate. ¢ Lari erray aak. ” RD a4 


= e , 7) ' he con >. Shere 7 ry <n ai . <f ne 
OF STAVIUIRT: VIVO 2q70 Ts) PlChvACe fos liewa 1G o£ 
; } > 7 7 y 


oo .voaypeldevins hesilarang a 21 quero ye 
ORY , . 


“Jime) sha <i -3. ba >. of: tzatyeoi aitsw be or S190 OD ‘he 
7 _ _" ro vy 
* \3 = i. 
KOT y> oF Jodqent aeS LUND! PR oj ae ay 
i. - 


bas aplasia $oz od t20na07 slg.i stiins BE 7 32 


= ra cog a ) 


y a ip 


ane “" ; iS we 
gue tain K; t & 23 
ve pe Tt 


; 7 


* 


« 20s aiharh aie bits 2 tke: Si ie vi 


14 


C and C/D is isomorphic to a subgroup of the additive group of real 
numbers} 

ioeeltionD =<1C Sas A jufipsin then [Ng@) »Ng@),C] CD, where 
Ng(@) denotes the normalizer of D in G and [Nc(D),N¢(D),C] = 
<mlasyeed | xpyoe Nc(D) and zeC>; 

(v) Ce, aeG, and S(a)(\C + imply some conjugate of a 
belongs to C. 

preot: Giaje Clearly; (115)G-caim No suppose A,B e £ and ACB. 
Then there exists ae A-B. Without loss of generality, let us assume 
(Tavera. It b 6B, then “b < a;sotherwise, 1°< a <b = implies; by 
the convexity of B, that ae B. Thus, by the convexity of A,BOA. 
Thus, 2 is a chain with respect to set inclusion. The remaining 
assertions of (i) follow easily. 

fim) weSupposes Cc eG, xyg ctGp and(2}< x < c8, Then 1< oxg 4 
<a cil, byidehe convexitysof, G; exg7l eaCiwitestxiesC&of Thereforey 
eae 5h 

(iii) If D-<C isa jump in 2 and geG, then D8& is a proper 


subgroup of CS and, if Ke such that PaKke cB then DC akg te 


C, which is impossible as gke-t e-Dniandiast DisstGr iseamjunpainnes. 
Thus, if D-<C is a jump in £ and ge G, then pe—< c& is also 
a jump in 2. Now suppose D-<C is a jump in 2% and x € N,@)- 
Then D = DX—< CX is a jump in £, and £ is a chain with respect to 
set inclusion, whence GS GAC or GEanh If cic Civthen 

Pace GuGets sotthat iC -s=fGs |Similarlyjoife C CCX, then we again find 
Gai CiowAn analogous argument shows No) CNc(D)- Therefore, if 
D—-<C is a jump in 2, then Ng@) = Nc(C). We have, therefore, that 


the normality of either member of a jump in £ guanantees the normality 
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in G of the other. 

The factor group C/D is an ordered group with respect to the 
order induced on C/D by G. Since D-<C, C/D can contain no non- 
trivial, proper, convex subgroups. But any ordered group containing no 
nontrivial, proper, convex subgroups is an Archimedean ordered group 
(see [2], p. 47). Application of Theorem 0.3 completed the proof of 
(ira) 

Gian)s, Since Ng@) = Nc(C), each enent ae N,(D) induces an 


o-automorphism a on C/D given by 
Wojie ack. 


Thus, if a,b e N.(D), then, by Corollary 0.3, ab=bD 4; i.e, 
ae meee SD Dome Patil whence fat, bl, ct] 


aie echaihiedl 4ce*D, Bfox a,b € No(D), ce. 


(Dc) 


(v) Let ae G, Ce ZX, and suppose, without loss of generality, 
that 1< a. If no conjugate of a belongs to C, then, by the con- 
meery 1oOLeG y cid aS for each g eraetandvedch, TegecC sys hus Asay. 
finite product of conjugates of a is greater than each element of C, 
whence S(a)()C =. To conclude this first chapter, we mention now 
the important theorem of Podderyugin and Rieger, the statement and proof 
Of which can be found in [2], pp.51)-7%52: 

Theorem 0.15: A group G is an O-group if and only if G possesses 
a family 2% of subgroups satisfying conditions (i) - (v) of Theorem 0.14. 
Furthermore, if 2 is a family of subgroups of G satisfying these five 
conditions, then there can be defined an order on G with respect to 


which each element of = is Convex. 
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CHAPTER I 


TORSION-FREE, LOCALLY NILPOTENT GROUPS 


The literature devoted to the study of torsion-free, locally 
nilpotent groups is of gigantic proportions. Even so, these groups 
continue to command the continuing interests of many noteworthy mathe- 
maticians, and the existing knowledge of porsionarrde: locally nil- 
potent groups is apparently far from complete. To those primarily 
interested in 0-groups, the torsion-free, locally nilpotent groups are 
of extreme importance, for each such group is an example not only of 
an 0-group, but even an 0*-group. History readily verifies that the 
concept of isolated subgroup, which arises naturally in the study of 
Q0-groups, has proved to be an invaluable tool in many investigations of 
Pe aecree* locally nilpotent groups. It would, therefore, seem rea- 
sonable to attempt to broaden the existing body of knowledge of torsion- 
free, locally nilpotent groups by investigating these groups as 0- or 
0*-groups. One of the many interesting and unresolved problems posed 
by Fuchs (see [2], Problem 9 (a), p. 209), which is relevant to this 
line of thought, is the determination of those subgroups of an 0-group 
G which appear as convex subgroups with respect to some order on G. 
In the case when G satisfies the maximal condition for subgroups 
locally, it is not too difficult to now resolve this problem. We begin 
by establishing a result which has application to a class of groups 
even wider than the class of torsion-free, locally nilpotent groups. 

Lemma 1.1: If G is an ordered group satisfying the maximal con- 


dition for subgroups locally, then each convex subgroup of G is normal 
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INeNG) 

-BHoOr.) ‘suppose Celis-a convex ‘subgroup of: ‘G, ¢ ‘e"GP*and = c eC. 
Let K=<g,c>. Then K is an ordered group satisfying the maximal 
condition for subgroups, and K(\C is a convex subgroup of K with 
Pespece toetie order “P(K)*=P(G) Ayu * induced"by ©G*"on “KY Tf-KA C 
is not normal in K and ke K_ such that kK NC)k + KNC, then, 
without loss of generality, we may assume that KN CC kleK O C)k, 
since’ KM C and kta C)k are both conver in K and the convex 
subgroups of K form a chain with respect to set inclusion. Thus, 
KaccklKaA ge k2KAN OK CK KN OKC oes. en 
infinite ascending chain of subgroups of K, contrary to the fact that 
K satisfies the maximal condition for subgroups. Therefore, KC 
is normal in K, whence, as ge K and ce KC, he KN CCC, 
THaS ee. )0S) normal. an: » G. 

Corollary 1.2: If G is an ordered group satisfying the maximal 
condition for subgroups locally and if H is a subgroup of G, then 
there exists an order on G with respect to which H is convex if and 
only if H is normal in G and G/H e 0. 

Proof: The convex subgroups of G are normal by Lemma 1.1. An 
appeal to Theorem 0.2 completes the proof. 

Corollary 1.3: If G is a torsion-free, locally nilpotent group, 
then each convex subgroup of G is normal in G. Furthermore, if H 
is a subgroup of G, then necessary and sufficient conditions that G 
admits an order with respect to which H is convex are that H be normal 
and isolated in G. 

Proof: Since G is torsion-free, locally nilpotent, Ge 0; G also 


satisfies the maximal condition for subgroups locally, whence each convex 
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subgroup of G is normal in G. 

If H is a subgroup of G which is convex with respect to some 
order on G, then we have seen that H is isolated in G. 

Now, suppose that H is a normal, isolated subgroup of G. Then 
G/H is a torsion-free, locally nilpotent group, whence G/H e« 0. 
Theorem 0.2 guarantees that there exists an order on G with respect 
to which H is convex. 
Poe G.Gl 1s the derived group of e, then, as an immediate con- 
sequence of Lemma 1.1 and condition (iv) of Theorem 0.14, we have 

Corollary 1.4: If G is an ordered group satisfying the maximal 
condition for subgroups locally, then [G',C]@D for each jump D-<C 
in the family of convex subgroups of G with respect to the given order. 

Proof: As D,C are normal in G, condition (iv) of Theorem 0.14 
fom G5G,C] CDyei.e.., (GL5C] GD. 
As we shall soon see, the conclusion of Corollary 1.4 can be strength- 
ened to read [G,C] CD by requiring that G be torsion-free, locally 
nilpotent. To prepare for the demonstration of the truth of this 
assertion, we prove 

Lemma 1.5: Suppose G is an ordered group, D-<C is a jump in 
the family of convex subgroups of G, either D or C is normal in G, 
D+ Dc, € C/D, and Dc8 = De, for some geG. Then Dc8 = Dc for all 
cos4C. 

pproot: Let €=C/D. By (iii) of Theorem 0.14, C is o-isomorphic 
to a subgroup of the additive group of real numbers. It follows easily 
that the mapping c > (cous e9, Ce Dc8) is an o-isomorphism of C 
onto C, where we note that, by the normality of either D or C, both 


D and C are nomal in G. By Theorem 0.4, this mapping is, therefore, 
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given by c+ct, where t is a positive real constant. Thus, 

Cy > Cot. But, by hypothesis, ce =\cot, whence® t = 1: > Thus, ' De8= De 
tGpraul Go ehC: 

We are now ready to prove 

Theorem 1.6: If G is a torsion-free, locally nilpotent group 
and & is the family of convex subgroups of G with respect to some 
order on G, then £ is a central system of G. 

Proof: By Theorem 0.14 and eocoane re Le), pts tamainvariant 
system of G. It remains only to prove that C/D CZ(G/D) for each 
jum D-—-<C in z. Let G eG je =0C/D hug. ciG, UL tease eC Endslet 
K=<g,c>MC. Then {1} ¢ K, < g,¢> is nilpotent, and K is 
normal in < g,¢ >, whence KV Z(< Z,c >)+ {1}; ice., there thee 
ke KN 2Z(< g,c >) such that K+T. Thus, there exists Dke C/D 
such that D+ Dk and Dk® = Dk. Lemma 1.5 guarantees that 
Dc& Sn foveall ic e%C, wherice [ic ja} DOttor tdci cee C Aland "each 
geenGsy Therefore, )(G;C] G Drive Sjwc/D C Z(G/D). 

By Theorems 0.14 and 1.6, necessary conditions that a family £2 of 
subgroups of a torsion-free, locally nilpotent group be the family of 
convex subgroups of G with respect to some order on G are that £ 
be a central system of G and that C/D be isomorphic to a subgroup 
of the additive group of real numbers for each jump D-<C in &., 
While it is true that the five conditions of Theorem 0.14 are sufficient 
conditions on a family £ of subgroups of any group G_ to guarantee 
that G can be ordered and that each member of £ be convex with 
respect to this forementioned order, these five conditions--as was 
suggested by Fuchs (see [2], p. 52)--are not sufficient to ensure that 


X coincides with the family of all subgroups of G which are convex 
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with respect to this order; i.e., it is possible that certain subgroups 
of G, not in 2, will appear as convex subgroups with respect to the 
order on G which is constructed by the utilization of = (see the 
proc om incoren Tihin (2],°pp. Sie-"52)> “That this. Situation’ can 
actually arise has been demonstrated by Graham [5], who has an example 
to show that the five conditions of Theorem 0.14 do not characterize 
the families of convex subgroups of 0-groups. We mention here that 
Graham [5] has also obtained independent proofs of part of Corollary 
15, andTheorems 1.6 and’1.7% 

If however, we reimpose the condition that G be torsion-free, 
locally nilpotent, then the two necessary conditions stated above are 
sufficient to guarantee that an order can be defined on G with respect 
to which only those elements of £ will be convex. We state this result 
as 

Theorem 1.7: If G is torsion-free, locally nilpotent and = is 
a family of subgroups of G_ such that 

(je ris -a-central system o£ G} and 

(ii) C/D is isomorphic to a subgroup of the additive group of 
real numbers for each jump D-<C in 2, 
then © is the family of all subgroups of G which are convex with 
respect to some order on G. 

Proof: The proof will parallel that of Theorem 0.15 found in 
[2], pp. 51 - 52 with only slight modifications (which are made possible 
by the normality of the elements of 2% and by the fact that [G,C]C D 
for each jump D-<C in 2£). 

If D-—<C is a jump in 2, then, by hypothesis, C/D is a sub- 


group of the additive group of real numbers and, thus, there is defined 
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on C/D a natural Archimedean order which we shall denote by P(C,D). 

We are now ready to define an order on G: For 1%7+xeG, let D-<C 

be the jump in & determined by x (i.e., D is the union of all 
elements of = not containing x, while C is the intersection of all 
eLcrenussote Ur econtaining’ \xeoltefollowsereadily thatwiD,{C ei, that 
D-<C is a jump in 2, and that xeC-D). Then xe P(G) if and only 
ome 2OeehP (CLD) tin» C/D.« Wepnoweverify-that wP(G);oisean orders onyeG: 
(i) If 14 ge P(G)N P4(G), then both ‘etecaotatealtie se bia, belong 
to P(C,D), where D-<C is the jump determined by: g. As P(C,D) is 
an order on C/D, gD = D, whence geD. But this is impossible as 
geC-D. Thus, P(G)N pl) = {1}; (ii) now suppose a,b e P(G) and 
Bye 50D —<Czi, areythe.gumps ins 2 determined by a and b, respec- 
tively. Since © is a chain with respect to set inclusion, let us 
assume GyceCoerelinyCif=iCz, then, DyeseD2 and, as P(Cz,D2) = P(C,,D1) 
is an order on C)/Dz = Cj/Dj, abD2 = aD sbD, e P(C7,D2), whence 

ab ¢ P(G). Moreover, in the case Cy = Cy, Dj -<C (or, D2-< C2) is 
the jump determined by ab, for, if abe Cy and abe Dy, then 

aD, = b+, contradicting the fact that both a and b are positive. 
Bich C)ims properly contained in Cy, then DWoc; CD,<C2. Thus, 
abD = bD2 e P(Cz,D2), whence ab e P(G); the same proof shows that 

ba e P(G); (jii) if xe P(G), with D-<C the jump in 2 determined 
bye x,eandri fg’ ecG,’ then xCisex[xhely Where” i[x, gee Digisince 

[G,D] CD, and, thus, x8D = x[x,g]D = We P(C,D). Therefore, x e P(G) 
if xe P(G); (iv) if 1¢xeG and D-<C is the jump in & 
determined by x, then xDe P{C, Di, of x pe P(C,D), whence x € P(G) 


or x4 e¢ P(G). Therefore, P(G) is an order on G, and each element 


of © is convex with respect to P(G). 


eA \ / Jt nie gay "E0tM taitke Wi retail on 


“~ 


1? Gok go 3 ee Te 5031 Oi Reber ae sit bab 08 ape 


poimy O43/21.0, 50.4) % Ye eee wish. das ai 


Lie 36110) sini.odt 2: 0 \obble gt peta San. 4. 


2 


aot 4 geiniageso .o 
i>x meee .(80 2x. Ses am: oe quart #2 
A ai : ¥ a a a 7. 

tals >): at yl TSvowon ow, ~.Gad i {6,))4 aN 
oo is ois ean =) 

( mo Mans ley ee Ri 2 


))! 2 va 151 ast Ghd ep 2 rit orate ee Dy 


=~ 


, aa 
U i , ‘ ; | { 4 } ol L. fret ¥ a =. 4 Azz ands Bee 


& 
t) 


¥ ‘ 4 7 e 
PSL it iw J & 2a a 
cg —_ 
5 - 
: ts . s . = Ps 
Z i a ~ rr.) 7 
ed ad ‘ ‘ 4 f +. 
: : 7 «* 
’ : a 


> ie t Te 4 = .) SBR. aN: gi craved ps ws 
d 3 <s- sbhs! Dead) Miegeod | Lae ve yaction ast 


7 ¥LILCOG 7 = . ud OC; ORT Wy 2.809 Lust pisshe eine (fe 4 


“7 
ae 


t o ~ cl ore = j | pat ie it Biase Trey 2 

tél} awota Joong ome odd CO): 3 de, Saal ie at 4 
DONlMOIeS. SNE Yale Sz } 27) “iw eye 13% ad base 7) 
1): ; 

iw: (aaa Bix Gees 


Om o 
CoP . eal Pa> 0 14h ; ay M0) 9 d es Rieke 


~ 
4 
é 
batt 
_ 


r ° 4 am * fa - ~ . rc : 
4 0f qtap ot 2k. J >> 4 bi Oo S.4 +f 


(09 > SORT ft, DAs Pe ig GD) rig ad 
« ia . a 
jn melas pono | Let 33 42 fo nohion aul) >" tay rate — 


22 


Now let K be a subgroup of G which is convex with respect to 
P(G). Let B be the union of all elements of £ contained in K, and 
let A be the intersection of all elements of 2 containing K. Sup- 
pose that K ¢ 2; i.e., suppose that B ¢ A. We assert that B-~<A 
is a jump in 2: For, B is properly contained in A and, if Dez 
and) "BOD A, then DCK or KCD, since both D and K are convex 
and the family of convex subgroups is a chain with respect to set inclu- 
sion. If DCiK;y then DCB, and this is not possiblevasewEs By If 
KCD, then ACD, whence A=D. Therefore, if K¢2Z, then B~<A 
is a jump in &. Now each of B, K, and A is convex with respect to 
P(G) and BCKCA, so that K/B is a proper, nontrivial, convex 
subgroup of A/B with respect to the order on A/B induced by G, 
which is precisely P(A,B). But, this is not possible as A/B is 
Archimedean ordered by P(A,B) and, therefore, poten no proper, 
Peariei viele convex subgroups. Thus, A : Bee"he and, “hences Kieu?. 

The results of Theorem 1.7 make it clear that if G is a torsion-free, 
locally nilpotent group and £ is a central system of G _ such that 
C/D is isomorphic to a subgroup of the additive group of reals for 
each jump D-<C in 2, then each element of £ is isolated in G; 
however, this same conclusion can be drawn from much weaker hypotheses, 
namely: If G is a group and £ is anormal system of G_ such that 
C/D is torsion-free for each jump D-<C in 2, then each element 
of = is isolated in G. To prove this assertion, suppose KeZ2, 
geG, g'eK for some positive integer n, but g + cpphet, DSC 
be the jump in £ determined by g. Then g*e KCD, so D= gD 

= (gD)", Thus, gD + D and gD is of finite order in C/D, a contra- 


diction. 
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To conclude this first chapter, we turn briefly to a consideration 
of the existence of absolutely convex subgroups. Little is apparently 
known about such subgroups, a conclusion manifested by the generality 
of a suggested problem of Fuchs (see [2], Problem 11, p. 210). As 
we shall later see, the problem of the existence of absolutely convex 
subgroups in 0-groups arises in the consideration of those 0-groups 
satisfying the maximal condition for subgroups locally and which admit 
only finitely many different orders. For the present, however, we 
shall be content to establish a sufficient condition that a torsion- 
free nilpotent group admits certain members of its upper central series 
as absolutely convex subgroups. 

Theorem 1.8: If G is a torsion-free, nilpotent group with upper 
Seitraleseries MIP="25 G27 Covi 2 =! Gandde | /2; ~“istlocally 
cyclic for i= 0,1,...,s, then {1}, Z,, Z2,..-,Z,,, are absolutely 
convex subgroups of G and {1}—“ Z;—“ Z7-“ ... -“Zo-< Z,,1 are 
jumps in the family of convex subgroups of any order on G. 

Proof: We induct on n, the nilpotency class of G. If G is 
abelian, we assert that {{1},G} is the convex family of G with 
respect to any order on G; i.e., that {l}-<G; otherwise, there 
would exist a convex subgroup C such that {1} + CCG. Suppose 
im GBetC tand™ g.¢G-C>s Thentp<ig,¢> =< \g5 o> Oeforssomegrggre G 
aseiG astlocally'cyclic? (Thus; there%exists«an integer® k “such 
that gs =0¢ euCyywhence > as-8G""is*isolated in G, = CA Thus; «as 
g = gt for some integer t, g eC, a contradiction. Suppose, there- 
fore, that G is nonabelian and let there be given an order P(G) 
on G. Suppose Z, = Z(G) is locally cyclic and let {tise beva 


convex subgroup of G (if no convex subgroup C of G exists such 
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that {1} © C<G, then G is o-isomorphic to a subgroup of the additive 
group of reals, hence abelian). Then C is nomal in G and, since 

G is nilpotent, {1} ¢ Zy ‘’ C. Suppose 2,4 C, so there exists 

Feeety Ce Let ler xe 2, fYC “and consider <z,x >. Now, 

eee ee Z, and Z, is locally cyclic, whence for some ae Z, 


Pais a ote ond 


and some integers m and n, z=a- and x= a", 
Mitoe com = x = C. But, C is isolated in G, whence: z eC, 
a contradiction. Therefore, Z, CC for ane nontrivial convex subgroup 
C of G. Now let A be the intersection of all the nontrivial convex 
subgroups of G (with respect to P(G)). Then Z,;CA and A is 
convex. Moreover, A is a minimal convex subgroup of G; i1.e., 
{1}-<A is a jump. By Theorem 1.6, ACZ(G) = Z;. Thus, A = Z,, and, 
therefore, Z, is convex with respect to P(G), while {l}~<2Z, isa 
jump in the family of subgroups of G which are convex with respect to 
P(G)2 

If G=Z,, we are finished. If not, we consider the torsion- 
free, nilpotent group G/Z,. Since Zy is convex, the given order 
P(G) induces an order on G/Z,. Now Z(G/Z1) = Z5/Z4 and Z,/Z, is 
locally cyclic, so by applying the above argument for G and Zy to 


G/Z, and Z2/Z,, we have that Z,/Z, is a convex subgroup of G/Z, 


1 
Bidetidtes))—~ Z4/ 24 is a jump in the family of convex subgroups of 


G/Z But there is a one-to-one correspondence between the convex 


ike 
subgroups of G/Z, and the convex subgroups of G containing Ly. 
Thus, both Z, and Zz are convex subgroups of G with respect to 
P(G) and {1}—<Z,, Z;—< Zz are jumps. Repeated application of this 


argument to G/Z,,...,G/Zs completes the proof. 
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CHAPTER IT 


ORDERED, POLYCYCLIC GROUPS 


This chapter is devoted primarily to a study of those 0-groups 
which are solvable and which satisfy the maximal condition for sub- 
groups--ordered, polycyclic groups. At times, however, the condition 
that the groups in question be orderable will be supplanted by the 
weaker condition that the groups be R-groups. 

It is well known that the union of a chain of normal, nilpotent 
subgroups of a group G is a nomal, but not necessarily nilpotent, 
subgroup of G. If, however, G satisfies the maximal condition for 
normal subgroups, which it clearly does if it satisfies the maximal 
condition for subgroups, then infinite ascending chains of normal 
(nilpotent) subgroups cannot occur and, therefore, by Fitting's 
Theorem, G contains a maximum normal, nilpotent subgroup called the 
Fitting subgroup of G. In particular, the Fitting subgroup of a 
polycyclic group G always exists and is a characteristic subgroup 
of G. Pertinent to this line of thought is 

Theorem 2.1: If G is a polycyclic, R-group and if F denotes 
the Fitting subgroup of G, then F is isolated in G. 

Proof: Plotkin [18] has proved that if G is an R-group and H 
is a locally nilpotent subgroup of G, then the isolator I(H) of H 
in G is also locally nilpotent. Now I(F) is the intersection of 
all isolated subgroups of G containing F. But, if S is isolated 
in G and FCS, then S& is also isolated in G and contains F 
for each g eG, whence I(F) is normal in G. Furthermore, as G 
is polycyclic and I(F) is a subgroup of G, I(F) is finitely gener- 


ated, whence I(F) is nilpotent. But, F is the maximum nomal 
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nilpotent subgroup of G; hence, I(F) CF. Clearly, FEI(F). Thus, 
Feith) Panda Fe is*isolated*in’*G; 

The result just established strongly suggests that the Fitting 
subgroup of an ordered polycyclic group can be made convex with 
respect to some order on G. AIIl that needs be done to establish this 
conjecture is to prove G/Fe 0. With this in mind, Reha hee tie with 

iheoreies.2. it YG »1sS an ordered, polycyclic’ group of length 
L(G) = r, then the number of subgroups of G which are convex with 
respec aco ony (fixed) orcer- on. Gis "at most “1+ 1°? 

Proof: Let D-<C be a jump in the family of convex subgroups 
of -G with respect to some (fixed) order on G. Then C/D is a 
normal, finitely generated Subgroup of the ordered, polycyclic group 
G/D; moreover, C/D is isomorphic to a subgroup of the additive group 
of reals. Thus, C/D is a torsion-free, finitely generated, abelian 
group and can, therefore, be deconposed into a direct product of 
infinite cyclic factors, the number of infinite cyclic factors in the 
decomposition being at least one. As G satisfies the maximal 
condition for B proups’ the chain of convex subgroups of G isa 
descending system of G, G=C,>- G)77 Cor ... > Cy > Co+1> 
where C,4, is the maximal convex subgroup of G contained in (Cj). 
Now, 11 ek "1s a normal’subgroup of G, then, since ~G*-1s polycyclic, 
L(G) = L(K) + L(G/K). Each convex subgroup of G is normal in G, 
whence r = L(G) = L(C,.) + L(C,._;/C,_2) + L(C,,_2/C,..3) renee 
L(Cj/C,) + L(G/C,;) > L(C,) + r. Thus, L(C,) = 0 and, hence, 


C, = {1}. In other words, the maximum possible number of jumps in 


the family of convex subgroups of G is r, whence the maximum possible 


number of convex.subgroups of G is r#l. 


The chain of convex subgroups of an ordered, polycyclic group is, 
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therefore, an invariant series of the group. It is interesting to 
speculate about the nature of a polycyclic group G of length r whose 
convex family (with respect to some order) has precisely r+l members. 
This speculation leads to 

Theorem 2.3: An ordered, polycyclic group G is nilpotent if and 
only at-there exists an order on G with respect to wnich the number 
of convex subgroups is precisely L(G) + 1, where L(G) denotes the 
length of G 

Proof: First, let us suppose that for some order on the polycyclic 
group G the number of convex subgroup is rtl, where L(G) = r. Then, 
for each jump D -< C in the chain of convex subgroups of G, C/D 
is an infinite cyclic group. Thus, Aut(C/D) is isomorphic to the 
cyclic group of order two. Note now that C/D is a normal subgroup of 
the ordered group G/D and that conjugation of C/D by an element of 
G/D is an o-automorphism of C/D. Since there are only two automo- 
rphisms of C/D and only one--the identity--is order-preserving, we 
have Dc8 = De for each ce C andeach geG. Thus, C/DC€ Z(G/D) 
for each jump D -< C, whence, as the chain of convex subgroups is 
finite, G* rs nilpotent. 

Next, let G be nilpotent, so that G is a torsion-free, finitely 
generated, nilpotent group. We shall induct on the length of G. Let 


eae. CO hr. CZ, 2G be the upper central series of G. If 


Ll 
L(G) = 1, then G=Z, is an infinite eyclic*sroupeeand {1} )})G} "tis 
the family of convex subgroups of G with respect to the order on G 
obtained by requiring 1< g, where G= <g>. Let us now assume the 
theorem true for all torsion-free, finitely generated, nilpotent groups 
G such that L(G) < k; let G be such a group and suppose L(G) =k. 


Let P, denote some arbitrary, but fixed, order on G. Choose 
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jet. Z eo(G)y, and let C, = L(z) be the isolator of .z2 in G.. By 
Tneorem 0.13, Cy is a torsion-free, locally cyclic group. As G is 
polycyclic, C; is finitely generated, whence Cj is an infinite 
cyclic, normal, isolated subgroup of G. Thus, L(G/C,;) = k-1, whence, 
by inductive assumption, there exists an order P, on G/C; such that 
the number of convex subgroups is k. Therefore, P(G) = (PA Cy) i) 
{x|x € G-C and xCj ¢« Pj} is an order on G with respect to which 
C, is convex and with respect to which the number of convex subgroups 
is k+l. This completes the proof. 

$e sis feasilyyseen thateify Gsis angorderedsgroupseif @H is a sub- 
group of G, andif C isa convex subgroup of G, the HNC isa 
convex subgroup of H with respect to the order on H induced by G. 
The next result reveals the useful and intuitive fact that any subgroup 
of H which is convex with respect to the order on H induced by G 
arises in this manner. 

Lemma 2.4: Let P(G) denote an order on a group G. Let 2% 
denote the corresponding family of convex subgroups of G; suppose H 
is a subgroup of G. Then the family 2%* of subgroups of H which 
are convex with respect to the induced order P(H) = P(G)NM H on H 
is the family {CM H|C «¢ 2}. Moreover, if D*-< C* is a jump in 
E*, then there exists a jump D-< C in 2% such that D* = HN D 
yah cas 5 @ ya Oe 

Proot:, If Cel, if ae Cn H, sand. hives, candsit 5 iio husta, 
then, as C is convex, he C, whence he HMC and, thus, 

HA Cexr*. Let us suppose Ke 2*. Let Ka be the convex agnentent 
of G-~ generated by K; i.e., Kq is the intersection of all convex 
subgroups of G containing K. We assert that HMK,=K. Note that 


en Hi 1) ( C) DHA K= K. Suppose, by way of a contradiction, 
K<C 
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rete 2 alt cae wy a) Ke MmehMethea el) Ka) -K. Without loss of generality, 
we may assume that 1 <a. Now, Ka = KP(G) 7} Ke-1(G) (seea hel. 

pp. 18-19) and ae K,, whence a=kg, where ke K and ge P7! (c). 
Thus, 1<a=kg<k and aeH. But, K is convex in Hewso jraxe K, 
a contradiction. Thus, Ka ex and HM Ko = kK. 

Now let D*-—< C* be a jump in 2*. Let A be the intersection 
of all convex subgroups G Gr Gs suchhthatm CG) H= C*: let) Bulbe 
the union of all convex subgroups D of G such that DM H = D*. We 
assert that B-<A is a jump in 2, that BN H= D*, and ANH =(C?: 
First, ANH = (() ONH= FY Caw =f) cs ce, 


Cex 
C () H=C* 


Next, BN H=( U) pa w= U aa = VU pe = ve. 
Dex D- D 
DM H=D* 


Biso, as) D7c C*, BCA. Hinally, let Ee = such that BCECA: 
pooner iyi BY) HAAN H; i.c., DBPCEMHCC*, and Hf) Hes* as 
Ee. But D*—< C* is a jump in £*, whence D* = ENVH or 
G== EN H. Pils) ea Den Oren AC. Eo and snence, as basa sOnme nes ie 
Therefore, A—< B is A jump in 72. 
Lemma 2.4 finds inmediate application in the demonstration of the truth 
of 

Theorem 2.5: If G is an ordered group satisfying the maximal 
condition for subgroups locally, then the derived group G' of G is 
a Z-group. 

Proof: By Lemma 2.4, each jump Dt —t°C*) anithe family 2" or 
convex subgroups of G' with respect to the order on G' induced by 
G is given by DQ Gt-< CnG', where D-<C is a jump in the family 


of convex subgroups of G. By Corollary 1.4, [G',C] < D, whence 
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[G',C*] CD* for each jump D*-—< C* in <£*, Therefore, £* is a 
central system of G'; hence, G' is a Z-group. 
If the word "locally" is deleted from the hypotheses of Theorem 2.5, 
a stronger assertion regarding the nature of G' as a generalized 
nilpotent group can be made: 

Theorem 2.6: If G is an ordered group satisfying the maximal 
condition for subgroups, then G' is a ZD-group. 

Proof: As G satisfies the maximal condition, the chain of convex 
subgroups of G is a descending system of G, G = C fay veer 

» >— Cy > Cy? ~«.., where C,,; is the maximal convex subgroup 

of G contained in C,. Thus, the family =£* of convex subgroups of 
G' with respect to the order on G' induced by G is a descending 
Syotem- Ot © G's” By Theorem’2.5°'5* ce a central Systemeor “Gl ard; 
rerceepe = 15 a* Z)-group, 
Let us. bear in mind that our main concern in this chapter is with poly- 
cyclic groups. This being the case, we return to ordered groups with 
this structure by merely augmenting the hypotheses of Theorem 2.6 with 
the condition that G be solvable. In so doing, we shall obtain an 
interesting extension of the well known result that the derived group 
of a supersolvable group is nilpotent; however, as shall soon be seen, 
the conditions that G be polycyclic and ordered are not sufficient to 
guarantee that G_ be supersolvable. 

Theorem 2.7: If G is an ordered, polycyclic group, then G' 
is nilpotent. 

Proof: By Theorem 2.6, G' is a ZD-group with its convex family %* 
forming a descending central system of G'. But G' is a subgroup of 
the polycyclic group G and is, therefore, polycyclic. By Theorem 2.2, 


there are only finitely many convex subgroups of G! with respect to 
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any order on G'. Thus 2* is a central series of G', and, thus, G' 
iSenilpotent, 

Theorem 2.7 reveals an interesting and useful structure property of 
ordered, polycyclic groups, namely 

Corollary 2.8: If G is an ordered, polycyclic group, then G 
is nilpotent by abelian. 

As a further application of Theorem 2.7, it is now possible to establish 
the truth of the conjecture suggested by Theorem 2.1: 

Corollary 2.9: If G is an ordered, polycyclic group, then there 
exists an order on G with respect to which the Fitting subgroup F 
ODP tGe. 1S),convex: 

bre0tige Gis 1s nilpetent, so..G! CF... Thus, G/F «is abelian. — By 
Theorem 2.1, G/F is torsion-free. Therefore, G/F is not only an 
0-group, but even an 0*-group. An appeal to Theorem 0.2 completes the 
proof, 

For the following sequence of results, we shall concentrate our 
attention upon an important subclass of the polycyclic groups--super- 
solvable groups. So powerful is this refinement from polycyclic to 
supersolvable that it allows the replacement of the customary condition 
of orderability by the R-group condition. 

Theorem 2.10: A (nontrivial) group G is a supersolvable R-group 
if and only if G is a torsion-free, finitely generated, nilpotent 
group. 

mrooL pilh G: is, a,finitely, generated, torsion-free, nilpotent 
group, then G is supersolvable and orderable, whence G is a super- 
solvable, R-group. 

Let us now suppose G is a supersolvable, R-group. We first prove 


Z(G) ¢ {1} : Let {1} = GCG, C... CG, =G be a cyclic invariant 
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SserieseotipG, 7Then G) 1s an infinite cyclic group, and, hence, 
Aut(G,) is isomorphic to the cyclic group of order two. Also, CaS 
nomal in G, so Ng(G,) =G, and, thus, G/C¢(G)) = Ng (Gy) /Cg (Gy) is 
isomorphic to a subgroup of Aut (G,). Therefore, g ¢ G implies 

g* « Co(G,); i.e., [g*,x] = 1 for each geG and each xe G,.- But 
G is an R-group, whence, by Theorem 0.9, [g,x] = 1. Thus, 

{ih} 6G, GZ). 

Next, by Theorem 0.10, G/Z(G) is a supersolvable R-group. As 
Gj] is an infinite cyclic subgroup of Z(G), the length of G/Z(G) is 
less than the length of G. By induction on the length of G, it 
follows that G/Z(G) is nilpotent, whence G is nilpotent. Bearing 
in mind that a torsion-free, locally nilpotent group is an 0*-group, 
the following corollaries are immediate consequences of Theorem 2.10: 

Corollary 2.11: A nontrivial group G is a locally supersolvable, 
R-group if and only if G is a torsion-free, locally nilpotent group. 

Corollary 2.12: A locally supersolvable group G is an 0*-group 
if and only if G is an R-group. 

Corollary 2.13: If G isa locally supersolvable, R-group, then 
G and each subgroup of @Gi is ahs0%-croup: 

For the case, therefore, of locally supersolvable groups, Corollary 
2.13 answers a question posed by Fuchs (see [2], Problem 20, p. 211): 
"which subgroups of 0*-groups are again 0*-groups?" 

A question arising naturally from Theorem 2.10 is whether the 
hypothesis that G be supersolvable can be weakened, without affecting 
the conclusion, to the condition that G be polycyclic. The follow- 
ing example illustrates the necessity of the stronger condition, even 


when the condition that G be an R-group is strengthened to the 


condition that G be orderable. 
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Example 2.14: Let H be the naturally ordered subgroup of the 
additive group of reals which is generated by a=1 and b-= 
T72eUle] Yom). Wes, R= .<%a> + < bes et’ .6! be ithe mapping of “H 
into H_ given by x° = xb for each x eH. It is clear that 6 is 
an o-automorphism of H onto H. Let G _ be the semi-direct product 
Or euiealyee—eo >) “Wesobserve’ that’ H®.«is‘normal in® G, H is poly- 
cyclic, and G/H is polycyclic, whence G is polycyclic. 

The order P(H) on H is, of course, the set of all positive 
real numbers in H. Note that G/H is an infinite cyclic group, so 
G/H = OpelLet! hte*P(H). “Then o-1he = h® = hb = h-1/2 (1 + YS) > 0, 
so that P(H) is invariant under the inner automorphisms of G. Thus, 
by Theorem 0.1, «there exists an order on G, namely 

P(G) = P(H) U {x|x e G-H and xH = eX for some miteger*ke>ely} 
with respect to which G is an ordered, polycyclic group. 

Now, a® =b and b® = a+b. Also, [a,6] = -a + b, while 
[a,62} =°b)* Thus, [a,o] + [a,07] = a and, thus, ae [a,G], whence 
G is not even a ZD-group. Therefore, G is not nilpotent. Further- 
more; the center Z(G) of G is trivial: ‘For let ze Z(G). Then 
Z= hot, where heH and r is an integer. Sines Z exa(G)) 
Ll=a=z7! az = a = Ql /Z2e0re 5 4, When 992 0. P’Thus "2 =th e« H 
and, hence, z = m+ (n/2)(1 + v5 ) for some integers m and n. Now 
Oe Po leazees = a(neeean/2) (Db 4) +m & G2) Oe V9) CEY2) 
(1 + YS )), from which it follows that n=m= 0, whence z=0. Thus, 
Z(G) = {0}. 

Let us now consider yet another aspect of this example: Let < 
UenGtesaiuaroitr dry porder on "GA" As) 0's G)telther'0'.is ‘positive’ or 
ome Isenedative Let us*assume that 1< 6. Note also that b isa 


conjugate of a (i.e., g-t ao = a® = D)} gande cous, a 45 positive if 
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and only if b is positive; let us also assume 1 < a. 
Let x eH. Then x9 = xb, so o7kxe = xb, whence x@ = 6xb. As 
1 <6, xb < x6 and, thus, b < 6. Furthermore, 1< a implies b < ab, 
while a2 =b and b® = ab, whence a¥ < b? ane Chustea <5 
Re #24 mabyechen (ey ee b® so that Ge ab and, thus, 
be & ab, whence b< a, a contradiction. Thus, b < a?. 
We know that b < 6, Assuming that bk < 6 for the positive integer 


k implies (bk) ® < 99 = 0550 (b®)k < 8, whence (ab) A Oe Te 
akyk 


"> 
smumeatid, ase 2 <k, b< ak whence bKtl < akpk < 9, Therefore, 
beak 6% “for, all antegers in. 

Biererore, if hte, then h Sia" pUb? = hemp: fence, if 
We UE and aXy e G-H, where k is a positive integer and y e€ H, then 
x aky since xy l eH and xyt <e<oK, It is not, therefore, 
possible that 1 < aky < x, where k is a positive integer and x,y eH, 
whence H is convex with respect to <. 

It follows, therefore, that H is an absolutely convex subgroup 
of G. Let us also note that with respect to the arbitrary order < 
the family of convex Subgroups of G is (always) {{1}, H, G}. Finally, 
only four different orders can be defined on G, namely those orders 
obtained by interchanging either or both of the sets of positive and 
negative elements of H and G/H. 

For the case of a supersolvable group G, a very simple necessary 
and sufficient condition that Ge0 has been found. One may suspect 
that, as the R-group condition on a supersolvable group G is sufficent 
to guarantee that G e 0*, the R-group condition on a polycyclic group 
G is sufficient to guarantee that Ge 0. Unfortunately, this is not 
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Example 2.15: Let H= <a, > + < aj) >, where <a; > and <a, > 
are infinite cyclic groups. Let v _ be the automorphism of H given 
by ay =a, and ay = i + ay. Wety X= Aa) + gage Hapithen 3x" = 
-3ya, + 3Aaz - Quaz and Oe = 8a, - Shay r 3yay - hay. Thus , 

X + 3xV + ae Se te O al eo Xoo alesis hey at v2) (x) = 0 for all 
ee He 

Eetesasebe the semi-direct product of H by < v >, where we note 
here that v is of infinite order in Aut(H) (the matrix of the trans- 
formation v makes this apparent). As noted previously, RE oxi => 1 
for x eH, whence G is not an R*-group and, hence, G¢0. We shall 
now prove that G is an R-group: Let g=wheG. Then (v@n)t = 
Pye ID for each positive integer t. Thus, if 
(vOnyt = (v™kyt, where h,k e H, oat 


“ange Somme nao ; Wn) e Kain an va yee 


K Kk), whence 


n=m. Thus, 


pe Ry A) ee) hse) ean whence 


nk yy DP ay tyve Ie neh Val = 1. Now let ueH. We 


now assert that 


ae ON (t-1)n 
Ieee La = 
te : yn yen 
implies u = 1; i.e., in additive notation, thates Dieeul tn ost + 


nd 4 alge =a docket tae vnes ot y(t-Dny (jee implaesy tst0s 


Note that 1+ v2 + y"+.,. + y(t-1)n = 0 implies 0 = (1tv™)/(1-v4), 
so that all the roots of 1+ v2 + vn+ ... + v(t-D)n = 9 are of 
modulus 1. Since the roots of 1+ 3v + v2 = 0 are not of modulus 1, 
1+ 3v+v~ does not divide 1+ v2 + vento, + vt-T)n, fet 
1+yN+ y4M +... + y(t-In = P(v)(1 + 3v + v7) + (r + sv), where P(v) 


is a polynomial in v with integer coefficients and where r and s 
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are integers, not both 0. Now, 0=(l+wWe+ vent ole v(t-1)n) (4) 


(P(v)(1 + 3v + v4) + (r + sv))(u) = P(v)(1 + 3v + v2)(W) + (rt sv) (u) 
Tur sv(u).° Let u = Aaj + Wag. Then 0 = ru+ sv(u) implies 


[LA easy ate ts (re +tsAs - 3s) ay = 0, whence 


TA - su = 0 
SAgto (ro wos) lees 


Thus , (x2 - 3rs + $4) = 0. Suppose now that u ¢ 0. Then 
r2 - 3rs + s* = 0, Recall that r + 0 # Sot i0- 

Case 1: Suppose r 70. Then s = (3r + |r| ¥5.)/2, which is 
impossible as (3r oer! YS )/2 is irrational and s in an integer. 
Hmussee= 0, whence ric= 0, As r+ 0; = 0 and; hence, u = 0. 

Case 2: Suppose s 70. Then, as in Case 1, r = (35 + [s| YS )/2, 
Which is again impossible. Thus, u = 0, whence sX = 0. As s +0. 

X= 0 and, thus, u=0. 

Therefore, if x,y ¢«G and xt = yt for some positive integer t, 
then x = y, whence G is an R-group. Clearly, G is polycyclic, but 
G¢ 0. 

With this example, the formal expositions of this chapter are 
concluded. However, there remain many fascinating problems concerning 
orderable, polycyclic groups which have been considered by this author 
and which have escaped resolution. One such problem evolves from a 
more general query of Fuchs: Is a polycyclic, R*-group necessarily an 
O0-group? Another question of considerable interest is: Are polycyclic 


0-groups necessarily 0*-groups? 
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CHAPTER IIT 


SOME REMARKS ON TWO PAPERS OF REE ~ 


The purpose of this chapter is to study two of the earliest papers 
of R. Ree (see [20] and [21]) and to demonstrate that a number of incor- 
rect assertions appear therein. It is interesting and only fair to note 
that the errors in these papers are a direct consequence of but one erro- 
neous, casually made, and seemingly innocuous statement found in the 
proof of Theorem 1 of [20], for it is here that the claim is made that 
any finitely generated subgroup of the additive group a reals is iso- 
morphic to the additive group of integers; i.e., that the additive group 
of reals is a locally cyclic group. The measure of the magnitude of the 
erroneousness of this assertion is made manifest upon the observation 
that this statement is equivalent to the claim that all real numbers are 
rational. It is, therefore, not surprising that the application of such 
a statement has begotten the sequence of incorrect conclusions which 
appear in the works under consideration. 

Let us now begin our investigation of the results of the earlier 
paper [20]: Theorem 1 asserts that if an ordered group G satisfies the 
maximal condition for subgroups, then G is a ZD-group; Theorem 2 con- 
tinues with the assertion that an ordered, finitely generated,solvable 
group is nilpotent if and only if G satisfies the maximal condition 
for subgroups. 

Both of these assertions are false, as is demonstrated by Example 
2.14, which exhibits an ordered polycyclic group which is not even a 
ZD-group. The correct statement of Theorem 1 of [20] is obtained, by 
Theorem 2.6, by replacing G by G!' in the conclusion. Similarily, 


by Theorem 2.7, the derived group G' of an ordered, polycyclic group 
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G is necessarily nilpotent, but G need not be nilpotent. ‘Theorem 2.3 
provides a correct necessary and sufficient condition that an ordered, 
polycyclic group be nilpotent. 

Now, let G be a torsion-free, finitely generated, nilpotent group 
with upper central series {1} =2,€72,€...€ LeeGop Thenhids 4/24 
iseoetorsionsziree, finitely, generated; <abelianrgroup;etoriaire 152), hajn-1. 
As hig / Le is supersolvable, there exists a cyclic invariant series, 
Z, = Ay/Z; G Ag/Z7S ... © Ag/Zq = Zjny/Zj, Of Zj41/2;, where each 
Aj /24 is an infinite cyclic group and where the Aj, fF toiezh. fest, are 
subgroups of Z;,,. Note that, as (G.25441C 2;, [G,Aj47] G Lic Aj. 
Whewekore, there exists arcentral isériesn {hw Foc Fairly GokpheG 
GpamG “such that Heyes €s laieinfinite cyclicleroup, isetOgh, me,m-1. 
Ree calis such a series an ''F-series of G." let Bayes mes XB Ths > 
where X;4, € Fy4z, 1 = 0,1,...,m-1. The elements X,, X72, .--, Xp are 
called an "F-basis of G."" Ree correctly observes that each element 
g eG can be written uniquely in the form g = x71 52 fa xm, where 
C1, C75 eee, Cp are integers, and that G can be ordered lexicograph- 
ically with respect to oF Co, +21) Gy aS follows: 

Bar g) = ep a ea and oe gl G2. XM, we make Sy, 
af cng ly enh eles chs. stor i= 1,2,...,m, or e, < f, for some t 


Secipthautel: sates m2 landwe b= skort imal 72ie. Hoptebses DG s'-hexcieo- 


graphic order on G is said, by Ree, to be "defined" by the F-basis, 
Xy> XQ. eee, Xp 

These concepts are applied in [20] in the statement of Theorem 3, 
where it is asserted that any order on a torsion-free, finitely generated, 
nilpotent group is defined by an F-basis of<Gae@his assertion--even if 


G is abelian--is false, as is demonstrated by 
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Example 3.1: Let G be the subgroup of the additive group of 
real numbers which is generated by {1, v2}; i.e., G=<1>+< >, 
Then G is a finitely generated, abelian subgroup of the additive 
group of reals, and G can, therefore, be ordered by the restriction 
of the natural ordering on the reals to G. With respect to this 
“induced order, G is, of course, an Archimedean ordered group, and hence 
G possesses no proper, nontrivial, convex subgroups. Let 
ties, ES ac ES G ibe an Peete ae G with corresponding 
Padots ly; 87,5 .-) t0m Then, asiiG) is polycyéhic of length two, 
m= 2, so that {1} = EEGS,F eae ae G3 F) = <fyee) «and F,/F, = 
<f£5F, >. Thus, each element ot G can be written uniquely in the 
form e,f; + eof , for some integers €], €7- Let <, denote the 
order on G defined by the F-basis, £,,f,. Now suppose that g = 
ef Teg, candined to) ges e7 pit @of> <1 eyf,, where e4 is an integer. 
then (3<) = ey) Fa(e} & &2)fy- Thus, as 0 <j,e; and 0 <j)-e] , we 
have that 0 =e, > and, chence,). g =ne5f7i.6 < my O: Therefore, <a) a 
is a proper, nontrivial, convex subgroup of G with respect to <> 
whence the F-basis Pee cannot define the given Archimedean order 
on G, 

This concludes our study of [20], and we now move to the examination 
of the later paper [21], where Ree again uses the concepts of F-series 
and F-bases and where certain results from [20] are cited in order to 
accomplish the proofs of various assertions. It is, therefore, not 
surprising that the application of an incorrect statement from [20] 
leads to an erroneous assertion in [21], and indeed the following is a 
counterexample to Theorem 2 of [21], which asserts that the group of 


o-automorphisms (with respect to some order) of a torsion-free, finitely 
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generated, nilpotent group is itself a torsion-free, finitely generated, 
nilpotent group: 

Example 3.2: Let G=<a,>+< a, > + <a, >, where <a, > is 
an infinite cyclic group and where < a, > + <a; > is isomorphic to 


the subgroup H = < 1> + < 1/2(1 + Y5)> of the additive group of real 


numbers. Let P(G) = {na | n is a nonnegative integer} U 


ener a, > X = fa; * Sao + faz, aid $+ t/2(1 + vsjem OF it 
readily follows that P(G)M P-l(G) = {0}, P(G) + P(G)C PCG), 
-x + P(G) + x P(G), and that P(G)U Pl(G) =G, whence P(G) is an 
Orier ongaG, for xX,y.c.G, we define x< y if and only if (0 < -x + y: 
Itens easy to see that. 0i< ay) Obs A> and 0 < a3 also, it follows 
that the order P(G) is not Archimedean as a, << ay and a, << az 
(i.e., na, < ay and na, < az for all integers n). 

We now define two o-automorphisms of G: 

yr) dd? a, > ay» ay > az, az > a, + az? 

@1D) OV 2-ay aj, 4, > a7 +Ma,, ag > az tna; , 
where m,n are arbitrary nonzero integers. Then 
1 


at, a, > aj, a, > -a2 + az, ag > a2 , while v- 


+ -Ma, + a7, a, > Na, + az. It is easily seen that d,v are auto- 


sap ays 
2 
morphisms of G. Let us show that d is order-preserving: Let 

X = Ya, + Sa, + tag and Suppose ul < Xs nen sali 5 Tone Ueeioe aL LOWs 
that x= Ya, and xd = ra, > 0 since G"fixes ay. Lr 's + 0 or 

t + 0, then the condition that 0<x is independent of a, and so, 
without loss of generality, we may assume that r = 0 and, hence, that 

xX = sa, + taz. Then 0 <x is equivalent to 0 <s + t/2(1 + ¥5), which 
is equivalent to -2s/(1 + /S)) <)> On thevother hand,30= (sa, e taz)? 


= sa, + t(a, + az) ered ot t)az is equivalent to t + (stt)/2(1+V5) 
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> 0, which is equivalent to 3t +t YS > -s(1 + Y5), which is true if 
andvoniyei iy tae -S (lt 75) / (3+ 75) = - 2s/(1 +,/5). 

Therefore, d is order-preserving. Analogous arguments establish 
that v, d+, andv! are also order-preserving, whence d and v_ are 


o-automorphisms of G, 

Let A=<d,v >, so that A is a subgroup of the group of o-auto- 
morphisms of G. It will be convenient now to represent the elements 
ra, + Sa, + taz as vectors (5 | and the mappings d,v,d-t, vi as 


matrices: 


f0*O 1 1e0F0 lmn 1 -m -n 
Geers), go =) 04.1), v=10'1.0 » and yi = ( 1a): lee 
sl gael Oe ied 0-0 O07 0s Sk 


lab 
In general, if a,b are real numbers let (a,b) -(0 1 i. 1G is easy 
OFUr 


to check that (a »b,) (a,,b,) = (a, fay D5 et ole (az ,b2) (aj ,by) and 
that (a,b)¢ = (b,a +b). For the elements d and v, we have: 
d : ‘ 
v = (mn), vo = (amen), and [v,d]* = (wolv4y¢ = ((-m,-n) (a,ntm))4 = 
(n. - m,m) 4 = (m,n) =v. Thus, v is a comnutator of every length, whence 


A 


v e < [v,d,...,d]~ > for all positive integers n; therefore, 
Lappe SY 


n 


1 +ve [A,A,...,A] for all nonnegative integers n. Thus , KES not 
nore ape 


nelpotent,.and,.asA,is.a subgroup of the group of o-automorphisms of 
G, the group of o-automorphisms of G is not, therefore, nilpotent. 
While there is no hope of establishing a result as strong as the 
one suggested by Ree in Theorem 2, it is possible to establish an 
analogous result for ordered, polycyclic groups, namely 
Theorem 3.3: If G is an ordered, polycyclic group and A denotes 


the group of o-automorphisms of G, then A is nilpotent by abelian, 
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and, moreover, A is polycyclic. 
Proof: Let {l}-< C|-< Cy-< Cz ...-<« C, = G be the chain of 


convex subgroups of G with respect to the given order on G. Let 


6 ¢ A. Then 6 induces an o-automorphism 6* on C5/C;_4 for 


Ie-Ele2,e4-,0, given by (cose = °° 


that @ seco ta 0,0, 8.. ,Ubhias G: is convex and as C7C C, implies 


C;_43 for, first, we observe 


cs Ce cs 2 »Next, Caer = CSC eS en = ES xX, where “xe C341? cy = 
eS ee where xX, € Cj_, and ‘ = el = eke as @ is an auto- 
morphism of G<> cy = Cox), where xy € C,_ 1 <> C01 = C2Cj-1, whence 
Ghee ts oneaCo-one +9 Clearly), At iscanto C./C; 4) and €6* is a homo- 
morphism of C;/C; 45 for i = 1,2,...,n. Finally, c,C;_, < ¢,C;_;<> 


there exists aeC;_, such that c, < cpag cyiaics a®, where 


a® ec Bie epic Gt? ws ioncae) oF whence 6* is order-preserving. 
A similar argument shows that Gale ds also order-preserving. 

For Pocneriecucn thaty al caie—onse let A; denote the group of 
all o-automorphisms @«¢€A such that 6* centralizes C5/C;_43 een 


such that Cope ere Caey = cC; 4: 


of A for each i= 1,2,...,n, and A/A; is isomorphic to a subgroup 


Then A; is a normal subgroup 


of the group of o-automorphisms of C;/C3"5- But, each eS AC Hea is 
an Archimedean ordered group, whence the group of o-automorphisms of 
C./C; 4 is, by Corollary 0.5, isomorphic to a subgroup of the multi- 
plicative group of positive real numbers. Thus, A/A; is abelian for 
Sagi ie 9,2, ..-,1. Lhus; A/A. is abelian, where A, = al 1 A.. 
Note that A, centralizes C,/C;_1 for each i= 1,2,...,n, so that 
[C; 49] © Cy_y, 2 = V,.-- on, where by [x,6] and [08,x] we mean 


: “1,6 ; 4 
x78 and (x74)’x, respectively. Therefore, Mn mortor 179) ie 


By a result of P. Hall [6, p. 10], which states that if H isa subgroup 
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of a group G, if K is a subgroup of the group of automorphisms of H, 


and at OH KK, .005,K] =abyrthem [KjKjw.. ,K,H] =: 1, :wevhavesthat 
cae” aera ne Oneal 


n P(e) 
[Aj Agrer+ Ags Gi] = 1, whence ~[Ag,4,;-..j49] ‘centralizes -€, =G, 
1'( 2) 1 +(%) 
where [A sdoseee2Agl © A. Thus, [A,,Ag.---.4 9] is the identity auto- 
1 +(3) a 


morphism, and, thus, A, is nilpotent. Therefore , A is nilpotent by 
abelian. 

Smirnov [22] has proved that, for a polycyclic group H, every 
abelian subgroup of Aut(H) is finitely generated, whereas Mal'cev [13] 
has proved that any solvable group, all of whose abelian subgroups are 
finitely generated, is polycyclic. From these results, it readily follows 


that A is polycyclic. 
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CHAPTER IV 


ON O-GROUPS WHICH ADMIT ONLY FINITELY MANY DIFFERENT ORDERS 


This chapter is devoted to a study of 0-groups which satisfy the 
maximal condition for subgroups locally and which admit only finitely 
many different orders. Little is known of O-groups which admit only 
finitely many different orders, a fact manifested by a question of 
some apparent difficulty which has been posed by B. H. Neumann (see [2], 
Problem 18 (c)) and which asks, 'What are the O-groups with only a 
finite number of (different) orders?'' Teh [23] has verified that any 
torsion-free, locally cyclic group admits only finitely many different 
orders, proving that such a group admits precisely two different orders, 
both of which are Archimedean. However, Teh has also shown that the 
torsion-free, locally cyclic groups are singularily unique in the sense 
ie ais, anesthe vonly really, "nice'' (1.e., abelian) groups possessing 
this finiteness property, for any torsion-free, abelian group of rank 
exceeding one is shown by Teh to possess an uncountable number of dif- 
ferent orders. We shall Een Teh's result in this chapter by proving 
that any nonabelian, torsion-free, locally nilpotent group admits infi- 
nitely many different orders. Corollary 2.11 indicates, therefore, that 
examples of 0-groups which admit only finitely many different orders are 
to be found at the earliest among the ordered polycyclic groups. Example 
2.14 provides an example of just such a group. It would seem, therefore, 
that we are confronted with the rather exasperating situation where the 
absence of a "nice'' structure serves to enhance the possibility that an 
0-group admits only finitely many different orders. 

As we shall see, polycyclic 0-groups and 0-groups which satisfy the 


maximal condition for subgroups locally and which admit only finitely 
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many different orders share many interesting properties. In support of 
this assertion, we begin with 

Theorem 4.1: Suppose G is an 0-group which satisfies the maximal 
condition for subgroups locally and which admits only finitely many 
different orders. Then the number of subgroups of G which are convex 
witharespectiitotansarbitrary, but fixed, order on G!is: finite, and 
G' is nilpotent. 

Proof: Let P(G) denote an order on G and let £ denote the 
eotret ponding family of convex subgroups of G with respect to P(G). 
For each jump D-—-“< C€ in 2%, we know, by Lemma 1.1, that D and C 


are normal in G. We now define a different order P.(@) on G: 


P.(G) = (P(G)7) D) U {x|x « C-D and x <d for d ec D}- 


des ee GC and. eCac es ore Crca ue 


rt fererear that P.(G) + P(G) and that if Dies Cree a ee eee Cy 
are jumps in © such that C, # Cz, then tail + Helllt}: We now 
verify that P.(G) is an order m G: Let 1 + y ¢ G. Then precisely 
oneporee following 1s true: "(I)" c< y’* for ali *c e« CG; (JI)= ye Cc 
Reeve <-d “torsalie de Ds) (PEL)™ y aD and I*<*y,~(iVjr ys °c “tor 
atc eu (v)ey eve and? d'< y™ tor all "d'eeD; ore (Vip y « D and 
Vans Note thatey © PCG) ipcase’ (i), Uli Ore LLL) bolus ys witrLe 
ye p-*(6) ifecase’ (lV), (VJ, or (Vl) holds, “It 1s clear=that™()) = 
(VI) are mutually exclusive cases which exhaust G, whence POM Pa (6) 
= {1} and P.(G) U pr) =G. If geG, then y® satisfies (1), 
(II), or (III) if and only if y does, since D, C are normal subgroups 
of G. This proves that g'P (gC P.(G) for each’ oe Gir Finally; 


let y,z e¢P-(G) and suppose 2< y. Teehotne Vwi: Zee sacisays CL). 
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then yz>z>c for all ceC, whence yz satisfies (I) and, thus, 
yZe Po (G). If y satisfies (I) and z satisfies (II), then yz 
satisfies (I); otherwise, yz < c for some c eC, whence y<czt atte 
a contradiction. Similarily, if y satisfies (I) and z satisfies 
(III), then yz again satisfies (I). An inspection of the remaining 
possible, consistent cases shown in each instance that yz ¢ Po (G). An 
analogous argument holds when y < z. Thus, Pc(G) is an order on G, 

Now, if the family £ were not finite, then infinitely many dif- 
ferent orders could be defined on G, one for each jump in ©&. 
Thus; u, as®finite. 

Finally, G' is an 0-group with respect to the induced order 
BOG) (7¥G' imongeG' pwith'convex! family 5* =\{C MVeG! {Che ahe ‘By ‘the 
pmooG,Obslheorem Z..5;(2* istaccentralfsystem*of )G', Sandf'as#+r* tis 
finite, 2* is a central series of G', whence G!' is nilpotent. 
Immediate consequences of Theorem 4.1 are 

Corollary 4.2: If G is an 0-group which admits only finitely 
many different orders and which satisfies the maximal condition for 
subgroups locally, chat G is nilpotent by abelian. 

Therefore, any group satisfying the hypotheses of Corollary 4.2 is not 
only a generalized solvable, but even a solvable, group, whence 

Corollary 4.3: If G is an 0-group which satisfies the maximal 
condition for subgroups locally and which admits only finitely many 
different orders, then G is locally polycyclic. 

To state an even stronger conclusion, it is now clear that any group 
which satisfies the maximal condition for subgroups and which admits 
only finitely many different orders is necessarily polycyclic. We 
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Lemma 4.4: Suppose G is a group, H is a normal subgroup of 
G, and G/H is abelian. Then the isolator I(H) of H in G equals 
<g|geG and g*eH for some positive integer n >. 

Proof: Let A=<gl|geG and g' eH for some positive 
integertn ey UClearly; HCA, We now assert that A is isolated in 
Grperor ,ufeiorenG - land gk ¢ A for some positive integer k, then 

k 


a- 
FASS U7s Lup, Swhereit, ,©uz,(s.., Upe G» such that’) us} e/ Mis for 


appropriate integers a;, i= 1, 2,..., t. Let a= aja5...a,. Then 
(okt 4 = ama 1) = ujH UsH. . ue = H, as each us ¢ H.g Thus, 
oX4 eH, whence ge A. Thus, A is isolated in G. 

Now, if ge¢eA is.a generator of A, then g' eH for some 
positive integer n. If g ¢ I(H), then I(H) would not be isolated 
in G, as gt4e HC I(H) would not imply ge I(H), a contradiction. 
Thusjeg «vA implies og = I(H). oTherefore, A= th(). 

We are now ready to prove 

Theorem 4.5: If G is a nonabelian, ordered group which satis- 
fies the maximal condition for subgroups locally and which admits 
only finitely many different orders, then the Fitting subgroup F of 
G exists and coincides with the isolator L6G of G* 7 fin &G+G/E 
is nontrivial and locally cyclic; and F is an absolutely convex sub- 
group of G, 

Proof: Let < denote an arbitrary, but fixed, order on G and 
let. {1} >= C Sut C 


=< C4-< cee Kk Cc, -—< C.=G _ denote the corre- 


ik ah n 


sponding, necessarily finite, chain of convex subgroups of G.. By 
Theorem 0.14, G/C 4 is abelian, whence G'C C4. and, thus, as 
C,-7 | is. isolated, 1(G') C C,-1: Since LEG IMs ssblated i; G/ EG) 


is a torsion-free, abelian group, whence G/I(G') e 0. By Theorem 0.2, 
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there exists an order on G with respect to which I(G') is convex. 

If the rank of G/I(G') exceeded one, then by Teh's Theorem [23], there 
would exist infinitely many different orders on G/I(G'), and, thus, on 
G. Therefore, G/I(G') is locally cyclic. 

Let us now suppose that aeC,_; - I(G'). We know that there 
exists an element be G-C,_j. As G/1{G!) Iselocallyecyclic, there 
existeeucue Gowsuchethaums al(G") ,Pb1(G")e>s=e<rgI(G!) >in Thus, 
al(G') = g@"I(G') and bI(G') = g™I(G') for appropriate integers n 
and m, whence g ¢ C,-13 however, this implies that b = Dae Cael 
as Cy-j is isolated. Therefore, C,_, = I(G'), and, thus, I(G') is 
an absolutely convex subgroup of G. 

Now let F denote the locally nilpotent radical of G (i.e., F 
is the largest normal, locally nilpotent subgroup of G) and let I(F) 
denote the isolator of F in G. As G' as. by (thecreme4 el unit potent, 
G" <coend Gea eer(Gt) Gare) svalsos ME),G) GC. We now assert 
Ritesh) g8C. eGeG. 4 for 9 i=, 1,25...,n: “Suppose. ’s <n .is the 
smallest positive eer, EOrawii-chrmm CR) ,..Co| CE Cs-1. Then 
LG yer CF)9. PCRs ENS (E) Ih) (i rAlso, [G2,C,] G Ceez and 

en” 

al 
C,CI(F), so [C,,C;,...,C,] = {1}, whence C, is nilpotent. Thus, 
eee pene 
Ser a 

C;C F. Restricting the order on G to F makes F an ordered group 
Mitoeconvexeouberoups MF yQltgei = 07) cin. “Since Ger iiGs Gace, 
C.17* C, is a jump in the family of convex subgroups of F. As F 
is locally nilpotent, [F,C,] @C,_, by Theorem 1.6. Since 
[LER CS ECs-1 there: exist elements "xe I(F) and ce C, such that 


fc, c ee C4" But, by Lemma 4.4, I(F)/F is periodic, so there exists a 
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positive integer r such that [x",c] « Cs_1. However, G/C,_] € 0, 
so G/C,_4 is clearly a torsion-free, R-group, whence, by Theorem 0.9, 
Pehepe Gs_jumumplies, [x,c]ice Coys 2 contradiction. Therefore, 
c & 18) alandati ice). Ciel Gc; Lori) =e0ch,. Gnclijewience itl (Ry 1s 
HilpGtentyanthereforeyI(F)iGyF and, hence, F = I(F) is the Fitting 
subgroup of G. 

Let us now assume that I(G') + F. We assert that, in this case, 
F=G: For, if not, there exist elements a and b_ such that 
Spee eee (Ga) wanda b eG) -8h yy VASeG/Ce| is docally cyclic, 
sale Deneie fees] 2 mor somes eecaGe Tus, 7aC, ay -= ceteey 
gogee OG. ly 7g C 


n-] for appropriate integers k and m. Thus, gk & i, 


SQvedseeh) eis -1SOlated in’ G, ¢ € F.. However, this implies be F,/a 
contradiction. Therefore, if I(G') + F, then F=G, and G is 
Peat one me orecore 1 (L tes Cas aG, ae Cone 2, Cas oG = Besis, 
by Theorem VO meoeccntralescrics.0% 9G, ewience @C-/C0) CiZtG/GA) ) for 
Geely en Also, (G/C,i5)/(C-4/C,-9) x G/C,_, and. G/C,_, is 
locally cyclic. Thus, G/C,.2 is abelian. If the rank of G/C,_» 
exceeded one, then there could be defined infinitely many different 
orders on G/C,,_2 and, thus, on G. Therefore, G/C,_7 1s locally 
cyclic. Again, (6/C,-3)/(Cy-/Cy-3) = G/Cy-2 and G/C,-2 is locally 
cyclic, so G/C,,_3 is abelian. Repeated application of this argument 
ultimately yields the conclusion that G/Cy, is locally cyclic, where 
C, € Z(G), whence G is abelian, a contradiction. Therefore, C,_4 
= 1(G!) = £. 

Corollary 4.6: If G is a nonabelian, torsion-free, locally 
nilpotent group, then G admits infinitely many different orders. 

Proof: The proof of Theorem 4.5 shows that any nonabelian 0-group 


which satisfies the maximal condition for subgroups locally and which 
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admits only finitely many different orders has the properties that the 
focaily nilpotent radical F of G coincides with I(G') and that 
G/I(G') is nontrivial; however, under the hypotheses of this corollary, 
G is locally nilpotent, so that F=G. Hence, G cannot admit only 


finitely many different orders. 
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